Functions

FUNCTIONS

A function is a special case of a relation. To be specific, let X, Y be two non-empty sets and R
(or f) be a relation from X to Y, then R may not relate an element of X to an element of Y or it may
relate an element of X to more than one element of Y. But a function relates each element of X to a
unique element of Y. We have:

Definition. If X, Y are two non-empty sets then a subset f of X x Y is called a function (or mapping
or map) from X to Y iff for each x € X, there exists a unique y € Y such that (x, y) € f. It is written as
f: X=>Y.

Thus, a subset f of X x Y is called a function from X to Y iff

(i) for each x € X, there exists y € Y such that (x, y) € fand
(i) no two different ordered pairs have the same first component.

In other words, a function from X to Y is a rule (or correspondence) which associates to each
element x of X, a unique element y of Y.

A function ‘f’ can be thought of as a i
mechanism (or device) which gives a unique ~ * f&)
output f(x) to every input x. bt Mechanism Quéppt

Fig. 9.1.

Image of an element. The unique element y € Y is called the image of the element x of X under the
function f: X — Y. It is denoted by f(x) i.e. y = f(x). The element y is also called the value of the function f
at x.

Independent and dependent variables

An independent variable is a variable that represents a quantity which is being set or manipulated in an
experiment. A dependent variable represents a quantity whose value depends on the independent variable.
For example: If r is radius of a circle and A is its area, then A = nr2. Here, A depends on the value
of 7, 50 7 is an independent variable and A is a dependent variable.

In the context of a function, the independent variables are the inputs to the function and the dependent
variables are the outputs of the function.

For example: If y is a function of f (¥) i.e. y = f (x), then x is independent variable and y is
dependent variable. The value of y depends on the value of x.

Domain and range of a function

Let f be a function from X to Y, then the set X is called the domain of the function f and the set Y is called
the codomain.

The set cansisting of all the images of the elements of X under the function f s called the range of f. It is
denoted by f (X). Thus,

range of f = {f (x) ;'for all x € X).



: Y.
Note that range of f is a subset of Y (codomain) which may or may not be equal to
For example.

LetX=11,2,3,4,5),vY=10,1,2,3 5,79, 11, 13| and

. .

Of=111), @ 0), 3, 7), 4, 9), (5, 13)), then fis a -

function from X to Y because each element of X has _
a unique image in Y.

Range of f= (1, 0,7, 9, 13). |

Note that some elements of Y are not associated Fig. 9.2.
With any element of X.

@) £=1(1,3),2,3),3,5),4,7), 5, 5)}, then f is a function

from X'to Y because each element of X has a unique
Image in Y,

Range of f=3, 5,7).

Note that the second components may repeat.
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(@) f={(1,5), 2, 7), (a, 9), (5,0)}, then f is not a function

: om X to Y because the element 3 of X has no
Image in Y.

NuTwnoRko [

= = \O
—

Fig. 9.4.

(v) f={1,1),q, 2),(2,3),(3,5),4,7), (5,11)}, then fis
not a function because the different pairs (1, 1) and
(1, 2) have same first component i.e. the element 1 of
X has two different images.
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Main features of a function
Let f be a function from X to Y, then

(i) to every x € X, there exists a unique element y € Y such that y=f(x).
(i) no element of X can have more than one imagesin Y.

Fig. 9.5;

(iii) there may be elements of Y which are not associated with any element of X.
(iv) distinct elements of X may have same image in Y.
(v) function fis determined when f(x) is known for all x € X,
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Example 1. Which of the following relations are functions? Give reasons.
() R={(2,1),3,1), 4 2)}
(i) R=1(2,3),(3,0),2,7), (-4, 6)}

(1) R=1{(1, 2),(2,3),(3,4), (4,5), (5,6), (6, 7)).
Solution. (i) Domain of R = {2, 3, 4}. We note that each element of the domain of R has a unique
image, therefore, the relation R is a function.

(i) Domain of R = {2 1 —4}. We note that the element 2 of the domain of R has two different
. / 2 7’

images 3 and 7, therefore, the relation R is not a function.
~\



(i1i) Domain of R = {1, 2, 3, 4, 5, 6). We note that each element of the domain of R has a unique
image, therefore, the relation R is a function.

Example 2. If A = {1, 2, 3} and f, g, h and s are relations corresponding to the subsets of A x A indicated
against them, which of f, g, h and s are functions? In case of a function, find its domain and range.

() f=12,1),,3)) (i) ¢ =1(1,2), (1, 3), (2, 3), (3, 1))
i) h=1{(1,3), (2, 1), (3, 2)) (iv) s=1{(1,2),(2,2),(3 1)

Solution. (i) fis not a function because the element 1 of A does not appear as the first component of
ordered pairs of f, so 1 has no image in A.

(if) isnota function because the different pairs (1, 2) and (1, 3) of g have same first component
i.e. the element 1 of A has two different images in A.

(i) his a function because each element of A has a unique image in A.
Domain of h = {1, 2, 3} = Aand range of h = (3, 1, 2} = A.

(iv) s is a function because each element of A has a unique image in A.
Domain of s = {1, 2, 3} = A and range of s = {2, 1}.

Example 3. Consider the following diagrams carefully and state whether they represent functions. Give
reasons for your answer. In case of a function, write its domain and range.

® Fig. 9.6. (&)

Solution. (i) The given diagram represents a function because each element of the set
{a, b, c, d} has a unique image in the set {g, f, m}.
Its domain = {4, b, ¢, d} and range = {g, f, m}.
(ii) The given diagram does not represent a function because the element 3 of the set
(2, 3, 4} has two different images 2 and 4 in the set {1, 2, 4, 5, 7}.
Example 4. A relation '’ is defined by f : x — x? -2, where x € {~1,-2,0, 2.
(i) List the elements of f. (ii) Is fa function?
Solution. Relation fis defined by f: x — x> -2 i.e. f(x) = x2-2, wherex € [-1,-2,0, 2]
() f1)=(-12-2=1-2=-1,
f(-2)=(-20-2=4-2=2,
f(0)=02-2=0-2=-2,
f(2)=22-2=4-2=2.
- f=1-1,-1),(-2,2),(0,-2), (2, 2)}

(i) We note that each element of the domain of f has a unique image, therefore, the relation f
is a function.

Example 5. Let f = {(1, 1), (2, 3), (0, =1), (=1, =3), ...} be a function from Z to Z defined by
f(x) = ax + b, for some integers a and b, Determine a and b.

Solution. Given f(x) = ax + b.
Since (1,1)ef,f(1)=1 =a+b=1 weli)
(2,3)ef,f(2)=3 =>2a+b=3 sl (1h)
O



Example 6, If A and B are finite sets such that n(A) = p and n(B)

Solution, Any element of set A, say x;(1<i<p)

Remark

Subtracting (1) from (i), we get a = 2.
Substituting a=2in (i), weget2+b=1 =b=-1
Hence,a=2,p = -1

= g, then find the number of functiong

fromAtoB.

can be connected with an element of set Bin g ways,

Similarly, any other element of set A can also be connected with an elerr'lent of set B in g ways,
Thus, every element of set A can be connected with an element of set Bin g ways.

Therefore, the total number of functions from set A to set B

=4%4xq ... ptimes = gp,

A
Note that the number of functions from a finite set A to a finitie set B = (n(B)}"
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EXERCISE 91

Which of the following relations are functions? Give reasons. If it is a function, determine its
domain and range.
Q) {@ b), (b, o) (€ d),(de) (i) {(1,2), (3, 1),(1,3), (4, 1}
(i) {(2,1), (0,-1), (3, 1),(5,4), (-1,0), 3, 4), (1,0))
() {(2,1), 4,2), (6,3), (8, 4), (10, 3), (14, 7)).
;fz( ={-4,1,2,3}and Y = {a, b, c}, which of the following relations is a function from X to
() (-4.a), (L,a), 2, b) ) SR UL By
(@) {(-4,a),(1,0), 2, 1), 3, ), 1, b))
(1) A function ‘f is defined by f(x) = x2 + 1 where x e {~1,0, 1, 3}. List the elements of f.
(1) If a function fis defined by f(x) = 2x -1 where x € {~2, 0, 3, 5}, then find its range.

The adjacent arrow diagram represents a relation.
List the pairs that satisfy the relation. Is this relation
a function? Also find the rule (relation) for the above
correspondence.

Write the relation represented by the adjoining diagram,

by listing the ordered pairs. State the domain, the '

codomain and the range of the relation. Is the relation a > ‘

function? 4\
S

A=1{-2,-1,1,2}and f= {(x %J : xeA}.

(i) List the domain of f. (if) List the range of f. (iif) Is fa function?
If f(x) = ax + b, where 2 and b are integers, f(-1) = -5 and f(3) =3, find 2 and b.
If a function f from R to R is defined by f= {(x, 3x - 5) : x € R}, find the values of z and b given
that (a, 4) and (1, b) belong to f.




Answers
1. (i) Yes;domain = {a, b, ¢, d) and range = (b, ¢, d, e)

(i) No (iii) No
(fv) Yes; domain = {2, 4, 6, 8, 10, 14} and range = (1, 2, 3, 4, 7)
2. (i) 3. () {(=1,2),(0,1),(,2),(3,10)) (i) {-5,-1,5,9)
4. {(-1,1),(0,0),(1,1),(2,4), (-2, 4)); yes; f(x) =x%, x € A
5. {(,3),9,7), (r, 7), (s, 1)}; domain = {p, 4, 1, 5}, codomain = (1,3, 5, 7), range = (1, 3, 7); yes
6 () -2-1,1,2) (i) {--;. ity %} (ii1) Yes
7. a=2,b=-3 8.a=3b=-2

REAL FUNCTIONS

A function which has either R or one of its subsets as its range is called a real valued function.
Further, if its domain is also either R or a subset of R, then it is called a real function. Thus, a real
function is defined as:

Let R be the set of all real numbers and X, Y be two non-empty subsets of R, then a rule
(or correspondence) ‘f’ which associates to each x < X, a unique element y of Y is called a real
valued function of the real variable or.simply a real function, and we writeitasf: X > Y.

Most of the time, we shall be given a function in the shape of a ‘formula’ without mentioning
its domain. In such cases, the domain will be the largest admissible subset of R on which the given
formula is meaningful. Keeping this in view i.e. when the domain of a function is not given, a real
function can be redefined as:

A real function ‘f’ is a rule(s) which associates to each possible real number x, a unique real
number f(x).

Domain and range of a real function
Let ‘f’ be a real function, then: .

The set of all possible real numbers x for which f(x) is a real number is called the domain of the function
f,itis usually denoted by Dy. Thus,

Df= {x:xeR, f(x) e R}
The set of images f(x) for all x € Dyis called the range of f, it is usually denoted by R¢. Thus,
&: {f(x); forallx € Df}.

Remarks
1. A function does not exist if its domain is empty set.

2. If the domain of a real valued function is given, then we are not to find the admissible subset
of R.

3. The distinctive property of a function is that, for a given element x of the domain, f(x) is
uniquely determined element of codomain.

Equal functions
Two functions f and g are called equal, written as f = g, if and.only if
(1) domain of f = domain of g and
(if) f(x) = g(x) for all x in domain of f(or g).
Thus, f = g iff either Dy # D, or there exists atleast one real number x € Dy such that

flx)#g(x).



Notes .
L If a and b are real numbers such that a < b, then

@) (x=a) (x - b) < g iffa<x<bie iffx e (ab)

~

(") W-a) (x-b)<0iffasxsbie iffx e la bl b o)
(i) (X =) (v = b) > 0 iff either x < a or x > b ie. iff x € (-, 8) Y (bf )
U0) (X'~ ) (x = b) > 0 iff either x <.a or x > b ie. iff ¥ € (oo, 8] V1B )

g (x) because g(x)#0and (g(x))2 >

2. Tt may be noted that ﬂﬁ has same sign as that of f(x)
: hange the sign (symbo)

\ 8 (x)
o a“_"' € R, and the multiplication by a positive number does not ¢
of an inequality,

x, ifx20
—x, ifx<0’

3. () If xis a real number, then |x| = {

(@) |x] >0 for all rea] numbers x.

Example 1. Lot 1" be a function defined by f: x — 5x2 + 2, x € R.
(1) Find the image of 3 under if (i) Find f(3) x f(2).
(it7) Find x such that f(x) = 22.
Solution. Given f)=5x24+2 xR,
(@) f(3)=5x32+2=5><9+2=47.
(if) f(2)=5x22+2=5x4+2=22,
~ fB)xf(2) =47 x 22 = 1034,
(i) f(x) =22 =522 4 2 =29
= 5x2=20=x2=4
= x=2,-2.

Example 2. Find the domain of the following functions:

) X2 +2x+1 x+7
) fly) e Xt2x+1 . __x+7
()f() x2—8x+12 (zl)f(x) x2-8x+4’
. N 2 4 2x+1
Solution. (i) Given f(x) = X ¥t 1
® &) x2-8x+12

For Df, f(x) must be a real number
x2+2x+1
x2 - 8x+12

= x2-8x+12#0 = (x-2) (x-6) %0

= ¥#2,6 :>Df=R—[2,6}.

must be a real number

x+7

e _ .
(if) Given f(x) P v
For Df, f(x) must be a real number

x+7

must be a real number
x2 - 8x +

8:t\/64—24><1x4 :>x¢4i2\/§

= x2-8x+4#20 =>x#
= Df=R—{412\/§}.



Example 3. Iff(x) = = —"X*1 ﬁndf(—2)+f( )

Solution. Given f(x) = —\M Dy=R - (1).

_ (22-3(-2)+1 4+6+1 11
=2) &
f=2) T s St ssand

3 L _2 _2
3 3 3
1 ( 3) 1
= =X| ——| ===
9 2 6
1 1 1 -22-1 23 5
. _2 + (-—-) = —— = =—_——=—-5—,
fE2) f 3 36 6 6 36

Example 4. Find the range of the function f(x) =2 -3x,x € R, x > 0.
Solution. Givenf(x) =2-3x,x e R, x > 0.
Foer,lety=f(x)=2—3x,x eR,x>0.
Now, x>0 =3x>0 = -3x<0
= 2-3x<2>=>y<2

= Rf = (—00, 2)
Example 5. Find the domain and the range of the following functions:
() f) = V=1 (i) f) = ==

Solution. (i) Given f(x) = Vx - 1. V5-x

For Dy, f(x) must be a real number

= +x -1 mustbe a real number
= x-120 =>x21
= Df=[1,00).
For Ry, lety=f(x)=+vx-1.
Asx>1,x-120
=g =1-20=>y20
= Rf=[0,00).
(i1) Given f(x) = \[?1_—7

For Dy, f(x) must be a real number

must be a real number

1
Jh—-x
= 5-x>0=5>x =>x<5
= Df=(--00,5).

1
Foer, lety = T
Asx<5,0<5-x

= 5-x>0=>+J5-x >0



1 ( i >Oifandonlyifa>0)
ikl a

By

= y>0

—

Example 6. Find te domain and the range of the following functions:
1

) ey L X=3 y x2 if) f(x) = '
(@) f(x) = 20+ 1 (i) flx) = 1;t2 (i) f) = 772
Selution. (i) Given f(y) = =3
20 +1°
For Dy, f(x) must be a real number = 2x - 31 must be a real number
X+
= 2X+120 X% "
2 1
= Df = set of all real numbers except — % ie. Df= R- {'5} :

For R¢, lety = 2"71_31 =2y +y=x-3

= (?-y‘l)x=—y—3 =3 1y+23 butx e R
<Yy

+3

y 1
=5 =2y must be a real number =>1-2y#0 =>y= 7

= Re=setof =y —R-1L
Ry of all real numbers except 5 le. Re=R { 2} -
(i) Given f(x) = x?

1+x2°

2
For Dy, f(x) must be a real number = 1x—2 must be a real number
+x

= Ds=R (wx2+1=0forallx e R)
2
1+ x2

ForRg, lety = =22y +y =22

= Y-Dx?=—y :xzz—il,y;tl.
y—

Butx2>0forallx e R :—LI 20,y#1
y—

(Multiply both sides by (y - 1), a positive real number)
= -yy-1)20 = y@y-1)<0
= -0 (¥-1)<0= 0<y<lbutyzl
= 0<y<1 > Rf=[0,1).

1

(1ii) Givenf(x) = -2

For Df, f(x) must be a real number = ! L 5 must be a real number

= 1-2220 =2x2-1,1

= Dy=set of all real numbers except -1, 1 i.e, Di=R-{-1,1}.

For Rf, lety = ——

y



» " l
Butx?20forally e Dy = 1=~ 20buty? >0,y #0

1 (Multiply both sides by y?2, a positive real number)
= y2 tlﬂ—y—) 20 =>yy-1)20 =>Wu-0wy-1)=20
— eithery<0ory>1buty=0

= sz (—00, 0) v [1, 00).

Example 7. Find the domain and the range of the following functions:

(i) f) = Vx? - 4 (i) f(x) = ng_z
- X

Solution. (i) Given f(x) = JxZ-4.
For Df, f(x) must be a real number = x2 — 4 must be a real number
= x2-4>0 = (x+2) (x-2)>0
= eitherx<-2o0rx>2
= Df= (o0, =2] U [2, ).

For Ry lety = Va2 — 4 ..Q1)
As square root of a real number is always non-negative, y 0.

On squaring (1), we gety2=x2-4

= x2=y”+4butx?20forallx e Dy

= y2+42>0 = y2>-4, whichis true forally € R. Alsoy >0

= Re= [0, ).

(i) Givenf(x)= L

V9—x2.

For Dy, f(x) must be a real number =

must be a real number

1
V9 - x2
— 9-x2>0 =>-(x2-9)>0 =x2-9<0
= (x+3)(x-3)<0 =-3<x<3 :>Df=(—3,3).

For R;, lety = ,y#0 ...(1)
s 0 Y - Y
Also as the square root of a real number is always non-negative, y > 0.
On squaring (1), we get
1 1 1
2 - —=9_x2= — =x2=9-—=.
Y 9— x2 y2 y2

ButxZZOforallxeDf:>9—;15 >0buty?>0

(Multiply both sides by y?, a positive real number)
. 1
= 9y2-120 = y?- -;— 20 = (y+%)(y——3—) 20

1
= eithery <- —;- ory2 % buty>0 =>y=2 =

1
= Rf= \15’ OO)



Example 8. Find the domain and the range of the following functions:
() flx) =~ |x] (i) fr)=1-1x-21;
Solution. (/) Given f(x) = - | x|.
For Dy, f(x) must be a real number
=>- |..\' | must be a real number, which is a real number for every x € R

= Dr=R.
For R, lety=f(x)=-|x|.
Since |x| 20forallx e R =~ |x| <Oforallx € R
= y<0 = R¢= (-0, 0].
(i) Given f(x)=1- |x-2].
For Df, f(x) must be a real number
= 1-|x-2| must be a real number, which is a real number for every x € R
=5 Df=R_
FOYRf,lety=f(x):1—|x—2|.
Since |x| >0 forallx e R = |x-2| 20forallxeR
= wle-2] 20 = 1~ |x-2] <1 =y<1
= Re=(-o,1].

x+2
[x+2]

Example 9. Fing 1, domain and the range of the function f defined by f(x) =

‘Solution, Given f(x) = | k2 !
xX+2

xX+2

For Df, f(x) must be a real number = v 2| must be a real number
X

= |x+2| 20 = x+2#0 =>x=-2

== Df= set of all real numbers except-2 i.e. De=R-{-2}

xX+2

ForR;, lety =
sibeil [x+2]

. Two cases arise.

Case I. If x + 2 > 0, then [x+2| =x+2,

_ x+2
[x+2] )

CaseILl.If x+2<0, | x+2] =—(x+2),

x+2 x+2

— = :—]_
y [x+2| -(x+2)

. On combining two cases, Rf: {-1,1}.

Example 10. Find the domain for which the functions fx)=2x2-1and g(x)=1-3xare equal.
Solution. As the functions f and g are equal, fx) =g(x)

= 22-1=1-3x=2x2+3x-2=0
= 22 4+4x-x-2=0=2x(x+2)-1(x+2)=0
= (x+2)(2x-1)=0=>x+2=00r2x-1=0

. 1
=-2o0rx=—.
— 7

Hence, the domain for which the functions fand g are equal is { =t %} )

QA



EXERCISE 9.2

A function is defined by f(x) = 3x2+2x-1
x+1

A real function fis defined by f(x) = 8x -2, x & R, find the value of f(~3) + f(0) x (7).

+ X € R, x #-1. Find the value of f(-3) + 1.

. Givenf(x) =x3-1, find x if f (x) is 215.

4. A function f’ is defined by f(x) =x2 + 3, x € N and x < 5.

(i) Find the range of f. (ii) Find f(2) x £ (5).
(iii) Does f(-3) exist? (iv) Find x whenf(x) = 7.
Find the domain of the following real functions:
. _xz— oia o X x3_x+3
® M= ) )= 7 a2 BRI

Find the domain and the range of the function f(x) = 2x2 + 1. Also find f(~2) and the numbers
which are associated with the number 51 in its range.

Find the domain and the range of the following functions:

0) fo)=x+2 (i) f)=B-2x (i) f(x) = \/;1?5 .

8. Find the domain and the range of the following functions:
; N et - _ox+l |
@) f)="—3 i) f@) = o— iil) f()= -
9. Find the domain and the range of the following functions:
(i) f(x) = V16 — x2 (i) f)= V22 -9.
10. Find the domain and the range of the following functions:
(@) flx)=|x-3| (i) f(x)=3-[x-2].
11 Find the domain and the range of the function f defined by f(x) = | — L
12. Find the domain for which the functions f(x) = 3x2 — 1 and g(x) = 3 + x are equal.
Answers
1. -9 2. -49 3. 6
4. (i) (4,7,12,19, 28} (i) 196 (i) No (iv) 2
5. () R-{-2} (i) R—{-1,-2} (i) R-{-1,1}
6. Df= R, Rf= [1,0);9;5,-5
7 F2aple @ (-=3i0e @ 6009
1 1
8. () R—(3;R-1{6} (i) R- {—%}; R- {5} (i) R = =2, 2); (=0, 0) U [Z' m)
9. (i) [-4,4];[0,4] (i) (-o0,~3] U [3, 0); [0, )
10. (i) R;[0, ) (ii) R;(-o,3]
11. Domain of f = R - {4}; range of f=1{1,-1} 12. {— 1, g}




